Popular regression techniques often suffer at the presence of data outliers. The different methods have proposed to make smaller the effect of the outlier on the parameter estimates. In this study, an algorithm has been addressed based on Adaptive network based fuzzy inference system to define the unknown parameters of regression model where dependent variable has outlier. So, three numerical examples are solved to test the activity of the proposed algorithm in regression model estimation. Also, the obtained results from the different methods, such as linear programming (LP) and fuzzy weights with linear programming (FWLP) are compared together. The results show that the proposed method is not to be affected the outliers in the solving process.
Introduction
Zadeh [40] proposed fuzzy logic and fuzzy inference systems (FIS) for the first time in 1965 and the concept of fuzzy regression analysis was introduced by Tanaka et al [37] in 1982. Tanaka et al. [34] regarded fuzzy data as a possibility distribution and the deviations between the observed values and the estimated values were supposed to be due to the fuzziness of the system structure. In general, fuzzy regression techniques can be classified into two distinct areas: linear programming-based method that minimizes the total spread of the output, is named possibility regression (see, e.g. [27, 28, 29, 30, 32, 34, 35, 36, 37, 38] ) and fuzzy least squares method that minimizes the total square error of the output is called the fuzzy least square method (FLSM) (see, e.g. [1, 6, 11, 12, 15, 26, 31] )). In the fuzzy literature, several extensions of this method has been proposed [20, 29, 30] , occasionally in a non-parametric context [4, 13, 32, 39] . In recent years, the prediction of the regression parameters has gained a great attention among the researchers of neural networks. Fausett [14] has proposed the fundamental concepts of neural networks such as architectures, algorithms, and applications. Also, Ishibuchi et al. [17] have introduced a learning algorithm of fuzzy neural networks with triangular fuzzy weights. James and Donald [19] studied fuzzy regression using neural networks. Fuzzy neural networks have been applied for the fuzzy regression (see, e.g. [7, 8, 10, 18, 23, 25] ). Jang [21] proposed the adaptive networkbased fuzzy inference system (ANFIS) in 1993 and Cheng and Lee [3] established the ANFIS model for fuzzy regression analysis using linear programming, and studied on both fuzzy adaptive networks and the switching regression model in 1999. In a study of Takagi and Sugeno [33] , the method was presented for identifying a system using its input-output data. Also in 2009 and 2014, Dalkilic and Apaydin [7, 8] used the ANFIS model to analyze switching regression and estimate the fuzzy regression parameters, and in 2016, Danesh et al. [9, 10] used the ANFIS model to predict fuzzy regression model. Generally for real-world applications, data sets often contain multiple variables as well as noise or outliers that are inconsistent with the other data. Outliers may occur for a variety of reasons, such as environment changes or erroneous measurements. Different methods have been proposed for reducing the influence of outliers (see, e.g. [2, 16, 24] ).
So, this paper aimed to design the adaptive network fuzzy inference system model to predict the fuzzy regression model where exist outliers. So a new algorithm is applied based on adaptive neural fuzzy inference system structure. In this study, we use fuzzy least squares method (FLSM) for consequence parameters prediction in ANFIS method (FWLS) and show that if outliers exist in the data set, the proposed method can yield good results.
Basic Concepts
2.1. Fuzzy regression models. Fuzzy regression methods are described based on the linear fuzzy model with symmetric triangular fuzzy coefficient [34, 37] . The aim of fuzzy regression is to minimize the fuzziness of the linear fuzzy model that includes all the given data. Thereupon, to describe fuzzy regression some definitions are needed.
A fuzzy number A is a convex normalized fuzzy subset of the real line R with an upper semi-continuous membership function of bounded support [40] .
Definition. symmetric fuzzy number is shown by
Where α and c are the center and spread of A and L(x) is a shape function of fuzzy numbers such that:
The set of all symmetric fuzzy numbers is denoted by FL(R). If L(x) = 1 − |x| then the fuzzy number is a symmetric triangular fuzzy number.
Definition. Suppose
In fuzzy regression, Deviation between observed values and estimated values are assumed to be due to system fuzziness or fuzziness of regression coefficients in fuzzy regression [37] . This assumption is shared by described fuzzy regression methods in the present study. To find a regression model, fuzzy regression is analyzed. A fuzzy regression model fits all observed fuzzy data within a specified fitting criterion. Different fuzzy regression models are obtained depending on the fitting criterion used. The first linear regression analysis with a fuzzy model was proposed by Tanaka et al. [37] . According to this method, the regression coefficients are fuzzy numbers, which can be expressed as interval numbers with membership values. For this reason, the estimated dependent variable Y is also a fuzzy number. A fuzzy regression analysis results in the following regression model:
Where, A = ( A0, A1, . . . , Ap) is a vector of fuzzy parameters where Aj = (αj, cj)L symmetric fuzzy number, which consists of fuzzy center αj and fuzzy half-width cj. Also, Yi = (y i , ei) is the observed value in this model.
According to this approach, the fuzzy coefficients Ai are determined such that the estimated fuzzy output Y i has the minimum fuzzy width, while satisfying a target degree of belief h. The term h is referred to as a measure of goodness of fit or a measure of compatibility between data and a regression model. Each of the observed data sets ,which can be fuzzy Y i or crisp datum Yi, must fall within the estimated Y i at h level as shown in Fig (1) . To determine the fuzzy coefficients Aj = (αj, cj)L, Tanaka et al. [37] formulated the fuzzy regression objective as the following linear programming problem.
In Tanaka's model, the constraints warranty the support of the estimated values from the model (2.2) includes the support of the observed values.
outlier detection in symmetric triangular fuzzy numbers.
Outliers occur when human error is involved. By using general regression models, the predicted values become too large when outliers exist in the data. In order to handle the outlier problem, Chen (2001) in [2] proposed a method for fuzzy linear regression using triangular fuzzy numbers. In this paper, the width between the spread of predicted and dependent values have to be below a certain specified value K for the outlier detection. Should this difference be larger than K, no feasible solution can be obtained. Thus, the following equation must be added to the constraints function of regression model.
In Eq. (2.3), if the value of K is too small, normal values may become abnormal. On the other hand, if it is too big, abnormal values may become normal or, abnormal values will go undetected.
Hung & Yang [16] proposed an omission approach for fuzzy regression model, in which they changed the objective function of fuzzy outliers, to compensate for the flaw in Chen's method. An omission approach was applied by them to detect a single outlier in a set of data. A ratio by objective function with a deleted observation was defined. It was also claimed that the larger the value of this ratio, the greater the impact of such observation.
Maleki et al. [24] proposed a new method in trapezoidal fuzzy data when the outlier is detected. They defined a new parameters called "H" and replaced it to the "h" in main fuzzy regression model. H is defined by spread of the observed values and replaced in the constraints of the fuzzy regression model.
Adaptive neuro fuzzy inference system (ANFIS).
Takagi-Sugeno type fuzzy system [20, 21] is used by the ANFIS architecture. Precisely, one of the most popular neural fuzzy systems is this type. A fuzzy inference system is comprised of three main parts: fuzzy rules, membership functions and a reasoning mechanism. There are three types of fuzzy inference systems: the Mamdani system, in which the fuzzy output has to be defuzzified, the Takagi-Sugeno system, in which a real number as its output is produced, and the Tsukamoto system, in which monotonous functions are utilized.
The ANFIS structure is shown in Fig. 1 . For simplicity, it is considered a system that has two inputs x1, x2 and one output y. In Fig. 1 , a circle indicates a fix node without parameters; where as a square indicates an adaptive node with parameters. A common rule set with two fuzzy if-then rules is defined as follows:
where x1, x2 and y ∈ R are input and output variables, respectively. Ar and As are fuzzy sets, µA r , µA s are appropriate membership function that are defined as follows:
and fj represents system output due to rule Rj where j = 1, 2. The typical ANFIS consists of five layers which are explained below:
The five layers of system have one two-dimensional input and one output. In the first layer, all the nodes are adaptive. They generate membership grades of the inputs. oi,j is the output of the j th node of the layer l. The node function is given by:
In the second layer, the nodes are also fixed which multiply the inputs base on incoming output of the first layer and send the product as the output of this layer which can be calculated as:
Where this layer output is the information premise section of the fuzzy if-then rule.
In the third layer, the nodes are also fixed nodes. It calculates the ratio of a rule's firing of all the rules. The output of this layer can be calculated as:
In the fourth layer, the node is an adaptive one. The node function associated in the level 4 is a linear function in the ANFIS structure. The output of this layer can be represented as below:
In this work, p j i will be assumed to be a triangular fuzzy number for i = 0, 1, 2 and j = 1, 2. Parameters in this layer are referred to as consequent parameters.
In the fifth layer, the single node carries out the sum of inputs of all the layers which stand for the outcomes of learning rates. The overall output of the structure is expressed as:
Substituting the fuzzy if-then rules in Eq. (2.11) gives the following:
The form of this equation is the same as the following linear equation:
That pi is the fuzzy parameters for i = 0, 1, 2.
Methodology of the proposed method
In Eq. (2.12), assume that consequence parameter pi j is a symmetric triangular fuzzy number and is represented by p 
where wj is known.
Consider the following fuzzy regression model:
where n is the number of data points, x k = (1, x k1 , x k2 , . . . , x kp ) is vector of values of the independent variables at the k th observations. Also, p = (p0, p1, . . . , pp) is vector of unknown fuzzy parameters to be estimated and Y k is the k th observed value of the dependent variables. P can be denoted in vector form as p = {a, α} where a = (a A hybrid algorithm is used in the ANFIS method. The hybrid algorithm is composed of a forward pass and a backward pass. The least square method (forward pass) is used to optimize the consequent parameters. Once the optimal consequent parameters are found, the backward pass starts immediately. The gradient descent is used to optimize the adjustment of the premise parameters. For more details, see [20, 21] . In the following, the fuzzy least squares based on Diamond's distance is used to optimize the consequent parameters for univariate crisp input and symmetric fuzzy output.
In the fuzzy regression model (2.2), the error measurement is defined as:
where Y k is the k th output, Y k is the network output of the k th input vector, x k = (1, x k1 , x k2 , . . . , x kp ), and {−} is an operator, whose definition depends on the used fuzzy ranking method. The calculation of the distance or difference between two fuzzy numbers determines the error measurement. To obtain the difference between fuzzy numbers, various fuzzy ranking methods can be used [39] . To optimize consequence parameters, this study uses the fuzzy least squares based on Diamond's distance. It can be considered that the observed values 
are two symmetric fuzzy numbers, where c y k and β y k are center, and spread of the observed fuzzy outputs. Also, c y k and β y k are the estimated center, and spread of the predicted fuzzy outputs and l
, the fuzzy least squares problem can be rewritten as:
It is observed that the objective function in Eq. (3.8) is the summation of two parts with two different groups of unknown parameters. The consequent parameters can be determined by minimizing e k respect to the unknown parameters a j i and α j i . In order to derive the error function ERROR respect to the unknown parameters, set the derivations to zero and solve for the unknown parameters. By solving these two groups of linear equations, the estimates of these parameters can be obtained for the univariate fuzzy nonparametric regression model as follows:
where,
and X k0 = 1, the symbol ( ′ ) is the mean transpose of a matrix. Also, one of the following two constraints must be established: . . , n. According to the error of back propagation, the gradient decent method updates the premise parameters. In order to optimize the adjustment of the position and the shape of the associated membership function, the premise parameters are trained so as to represent the density of input functions. This training does not focus on the spread of the membership function. To calculate the back propagation error, only the first part of the ERROR function, which is the center, is considered, and the influences of the spread are ignored. The back propagation error for each layer can be calculated as the method of Jang [20] and Cheng and Lee [5] . For training data, when ERROR is smaller than a predefined small number and one of the relationships (3.11) is established, the training of network terminates.
In this investigation, for evaluation of the accuracy of ANFIS model is defined a quantity that is called goodness of fit (GOF). It measures the bias between observed, 
where n is number of the observation's pairs. Large value of this quantity indicates lackof-fit and too small value reflects over-fit for the observed fuzzy outputs. Because of the error term in model (2.2), GOF value cannot reflect the closeness between the underlying fuzzy nonparametric regression function f (x) and its estimate efficiently. Thus, for measuring the bias between the underlying fuzzy regression function and its estimate, a quantity that is called BIAS is defined. This quantity can be expressed as [4] :
BIAS is not computable in practical applications because function f (x) is certainly unknown. This quantity will be reported for examining the performance of two methods in our simulations. So in the present study, the method of Kim and Bishu [22] will be used for evaluation of the performance of ANFIS model. In this method, the absolute difference between the membership observed values and estimated values is calculated as:
where s(Y k ) and s( Y k ) are support of Y k and Y k , respectively. In other words, E k is the error in estimation. If E k trend to zero, then the fitting is the best.
3.1.
The algorithm for forecasting model. In order to predict model parameters, the steps taken can be summarized as follows:
Step 1: The input and the output variables are defined.
Step 2: Value V is inputted.
Step 3: The initial values of the fuzzy weights are determined.
Step 4: The consequent parameters by Eq. (3.9) and (3.10) are identified.
Step 5: When GOF in Eq. (3.12) is smaller than a predefined small number and one of the relationships (3.11) is established, the training of network terminates, otherwise the values of the fuzzy weights are updated.
Step 6: The values of E k , GOF for the evaluation of the method are determined. In this paper, the algorithm was executed with written program in MATLAB.
Numerical examples

Example. Consider the following function:
g(x) = 10 + 5 sin(0.25π
and let x k = 0.1k, k = 1, 2, . . . , 100, on [0, 10]. 100 pairs of sample data are generated from g(x). Let Y k = (b y k , β y k ) be a symmetric triangular fuzzy number such that
For outlier generation, two variables x k are randomly selected and Y k = (b y k , β y k ) are produced as follows:
At first, we divided data set to train and test data. Then we fitted the regression model for this data set via the different methods for α = 0.5. We displayed the error values of different methods in Table 1 . In addition, the estimated values and the observed values of FWLS and FWLP methods have been depicted in Fig. 2 . We use Fig. 2 and Table 1 to compare the obtained results. It is seen, model related to the FWLS method provides the best predictions. We can observe that the outlier is not influence on the estimated values in proposed method. So in outlier cases, the FWLS method is a better candid than the other methods.
Example.
In this example, there are ten pair's observations as shown in Table  4 which 8 th observation of the dependent variable is outlier. We divided data set to train and test data that test data has been shown with star in Tables 4 and 5 . Suppose We displayed the obtained predictions and the errors related to these predictions in Table 4 . In addition, the values of the estimated error X are shown in Table 5 . Also, the estimated values and the observed values of different methods for test data have been showed in Fig. 4 . Moreover, estimations have been obtained using the different methods are used for comparison. We use Fig. 4 , Tables 4 and 5 to compare the obtained results. Like previous example, model related to the proposed method provides the best predictions. We can observe that the outlier is not influence on the estimated values in proposed method. So in outlier cases, the proposed method is a candid better than the other methods.
In this example, there are ten pair's observations as shown in Table  8 which 7 th observation of the dependent variable is outlier. Suppose Eq. (3.5). We divided data set to train and test data that test data has been shown with star in Tables  8 and 9 . We applied different methods to fit fuzzy regression model and, displayed the obtained predictions and the errors related to these predictions in Table 8 and the values of the estimated error E k are shown in Table 9 . We obtained the regression model and estimations for this data set that obtained parameters of the method are shown in Tables  6 and 7 . In the following, the obtained regression model using the LP method is shown: y = (4.3895, 1.9348) + (5.5098, 2.4514). Also, the estimated values and the observed values of different methods have depicted in Fig. 5 . Previous example like, the proposed method is a candid better than the other methods in outlier cases. 
Conclusions
In this paper, a novel combining fuzzy weights and fuzzy least square was applied for regression model prediction where dependent variable has outlier and compared the performance of the proposed algorithm with different methods, such as linear programming (LP), linear programming and fuzzy weights (FWLP). As it was seen the proposed method has increased the prediction accuracy where dependent variable has outlier. We observed that the outlier was not influence on the estimated values in proposed methods. So in outlier cases, the proposed method is a best candid than the other methods. As it can be seen in numerical examples, error related to estimations obtained via the network according to error criterion is lower than errors obtained via all the other methods.
